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Abstract 



We construct a lagrangian geometric formulation for first-order field theories using the canon- 
ical structures of first-order jet bundles, which are taken as the phase spaces of the systems in 
consideration. First of all, we construct all the geometric structures associated with a first- 
order jet bundle and, using them, we develop the lagrangian formalism, defining the canonical 
forms associated with a lagrangian density and the density of lagrangian energy, obtaining the 
Euler-Lagrange equations in two equivalent ways: as the result of a variational problem and 
developing the jet field formalism (which is a formulation more similar to the case of mechanical 
systems). A statement and proof of Noether's theorem is also given, using the latter formalism. 

Finally, some classical examples are briefly studied. 
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1 Introduction 



Nowadays, it is well known that jet bundles are the appropriate domain for the description of 
classical field theory, both in lagrangian and hamiltonian formalisms. In recent years much work 
has been done in that domain with the aim of establishing the suitable geometrical structures for 

ira, prj, §, m, m 



field theories in general |S3J|, 0, Q, §, pL 0,0, E3> @ and for 

gauge and Yang-Mills field theories in particular || , fffTfl], |13|, pf|, Hl6f|, |25|. Nevertheless, 
there is no definitive consensus about which are the most relevant geometrical structures when 
dealing with first-order lagrangian field theory and the role they play [31], [21|, [Hi, ill 



In addition, many authors have emphasized the importance of the hamiltonian formulation of field 
theories in the construction of the lagrangian formalism [p0| , E8[ , 



|1J, |2g|, |27j (in the same 
way that certain geometric formulations of mechanics are made [|]]). However, even in these cases, 
an external element to the problem, such as a bundle connection, is needed in order to develop the 
hamiltonian field equations M, [pi]. 



Our aim in this work is to construct a lagrangian geometric formulation for first-order field 
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theories using only the canonical structures of the jet bundle J l E representing the system, 
a way analogous to Klein's formalism for classical mechanics 



m 



22]. A forthcoming paper will be 



devoted to a hamiltonian formalism for these theories [12]. 
A brief description of the content of the work now follows: 



• The motivation of section 2 is the construction of the relevant geometric structures of first- 
order jet bundles. Following ||14j| , the vertical differential will be used as the fundamental 
tool in the build up of the other elements: the canonical form, the Cartan distribution, 
and the vertical endomorphisms. We also study the canonical prolongations of sections, 
diffeomorphisms and vector fields and the invariance of the geometric elements by these 
prolongations. Much of this section is well known in the usual literature, but it is included 
here in order to make this work more self-contained. However, a new contribution is the 
construction of the vertical endomorphisms (which play a most relevant role in the theory) 
using the affine structure of the first-order jet bundle and the canonical form. Another 
contribution is the proof of the invariance of the geometric elements by the prolongation of 
diffeomorphisms and vector fields above mentioned. 

• In the first part of section 3 we develop the lagrangian formalism. Using one of the vertical 
endomorphisms we construct intrinsically the canonical forms associated with the lagrangian 
density: the Poincare-Cartan forms. A deep study is made about the geometrical aspects 
of the variational problem posed by a lagrangian density and we obtain the Euler-Lagrange 
equations, both their local and global expressions, for sections of the configuration bundle. 

A particularly interesting point is the introduction of the notion of the energy density associ- 
ated with a lagrangian density and a connection. We give an intrinsic definition of the energy 
density which, as expected, coincides with the usual one when the configuration bundle is a 
direct product and then a natural flat connection exists. Furthermore, for a given lagrangian 
density we give the structure of the set of all the possible energy densities associated with 
it. We also establish the formula for the linear variation of the energy density with respect 
to change on the connection. We would like to point out that the need for a connection for 
the definition of an energy density indicates a close relationship, not developed in this work, 
between the energy and the hamiltonian associated with the lagrangian and the connection 
(see [0]). 

One of the main goals in this section is to establish the Euler-Lagrange equations for jet fields 
In order to sattisfy this aim, the problem of integrability and the second order condition 
for jet fields are briefly treated. Moreover, the solutions of such equations (if they exist) 
are integrable second-order jet fields whose integral manifolds are the critical sections of the 
variational problem associated with the lagrangian. In this sense, jet fields and their integral 
manifolds play the same role as vector fields and their integral curves in mechanics. So, in 
this language, field equations have a structural similarity with the usual ones in mechanics. 
We believe this formulation will, in due course, provide us with a good opportunity to tackle 
the study of singular lagrangian field theories. 

• A subject of great interest in field theory is the study of symmetries. Another section of 
the work is devoted to studying the Noether symmetries of a lagrangian problem by means 
of the jet field formalism just developed. We state and prove the Noether's theorem in this 
formalism. 

• A further section contains some typical examples, such as: the electromagnetic held, the 
hosonic string and the West-Zumino-Witten-Novikov model. For all of these we specify 
which is the corresponding first-order jet bundle and its geometrical elements, as well as the 
lagrangian density of the problem. 
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• The last section is devoted to discussion and outlook. 

• The first appendix covers the main features on the theory of connections on jet bundles and 
jet fields which are used in some parts of the work. Finally, since the notation on jet bundles 
is not unified, a glosary of notation is also included at the end of the paper. 



All the manifolds are real, second countable and C°°. The maps are assumed to be C°°. Sum 
over repeated indices is understood. 



2 Elements of differential geometry for first-order lagrangian field 
theories 



2.1 Geometrical structures of first-order jet bundles 



In this first paragraph we introduce the basic definitions and properties concerning to first-order 
jet bundles, as well as the canonical structures defined therein. For more details regarding some of 
them see [31|. 



2.1.1 First-order jet bundles 



Let M be an orientable manifold and tt: E — > M a differentiable fiber bundle with typical fibre 
F. We denote by T(M, E) or r(7r) the set of global sections of tt. In the same way, if U C M is an 
open set, let Tu(tt) be the set of local sections of tt defined on U. Let dimM = n + 1, dimi 7 = N. 

Remarks: 



• The dimension of M is taken to be n + 1 because, in many cases, this manifold is space-time. 
The bundle tt: E — ► M is called the covariant configuration bundle. The physical fields are 
the sections of this bundle. 

• The orientability of M is not used in this first part of the work. It is relevant when dealing 
with variational problems. 



We denote by J E the bundle ofl-jets of sections of tt, or 1-jet bundle, which is endowed with 
the natural projection tt : J^E — > E. For every y € E, the fibers of J^E are denoted JyE and 
their elements by y. If (ft: U — > E is a representative of y £ JyE, we write (ft € y or y = T^)^. 

In addition, the map tt 1 = ttott : J E — > M defines another structure of differentiable bundle. 
We denote by V(tt) the vertical bundle associated with tt, that is V(tt) = KerTvr, and by V(7r 1 ) 
the vertical bundle associated with tt 1 , that is V(vr 1 ) = KerTvr 1 . X V ^\E) and X v{it1 \J 1 E) will 
denote the corresponding sections or vertical vector fields. Then, it can be proved (see p6] ) that 
tt 1 : J X E — > E is an affine bundle modelled on the vector bundle E = 7r*T*M(g)£V(7r) []. Therefore, 
the rank of tt 1 : J x E — ► E is (n + l)iV. 

1 This notation denotes the tensor product of two vector bundles over E. 
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Sections of tt can be lifted to J l E in the following way: let (f>: U C M — > E be a local section of 
tt. For every x G U, the section (ft defines an element of J^E: the equivalence class of <\> in x, which 
is denoted (j 1 (j))(x). Therefore we can define a local section of tt 1 

j'V : U — ► J l E 

x i — > 

and so we have defined a map 

IV (M, E) — ► IV(M, J 1 ^) 

j 1 ^ is called the canonical lifting or the canonical prolongation of to J 1 ^. A section of 7T 1 which 
is the canonical extension of a section of tt is called a holonomic section. 

Let x'*, = 1, . . . , n, 0, be a local system in M and y A , A = 1, . . . , TV a local system in the 
fibers; that is, {x^,y A } is a coordinate system adapted to the bundle. In these coordinates, a local 
section (f>: U — ► E is writen as 4>(x) = (x^,(f) A (x)), that is, 4>(x) is given by functions y A = (p A (x). 
These local systems x M , y A allows us to construct a local system (x^,y A ,v A ) in J 1 ^, where v A 
are defined as follows: if y G J X E, with 7r 1 (y) = y and 7r(y) = x, let <^>: C/ ^ E, y A = <f> A , be a 
representative of y, then 

These systems are called natural local systems in J X E. In one of them we have 

j 1 ( f>(x)=(x»(x),0 A (x), 




Remarks: 

• If y G JyE, with x = 7r(y), and <p: U — > E is a representative of y we have the split 

T y E = lm T x <f>®V y (n) 

hence the sections of 7T 1 are identified with connections in the bundle tt: E — ► M, since they 
induce a horizontal subbundle of TE. 

Observe that it is reasonable to write Im y for an element y G J X E. 

• Giving a global section of an affine bundle, this one can be identified with its associated vector 
bundle. In our case we have: 

- If tt: E — ► M is a trivial bundle, that is E = M x F, a section of tt 1 can be chosen 
in the following way: denoting by tt\ : M x F — > M and TT2 : M x F — > F the canonical 
projections, for a given y Q £ M x F, y Q = (x ,v ) = (TTi(y ), 7T2(y )), we define the 
section 4> yo {x) = (x,7T2(y )), for every x G M. With these sections of 7r we construct 
another one z of 7T 1 as follows: 

which is taken as the zero section of 7T 1 . So, in this case, is a vector bundle over £7. 

— If tt: E — ► M is a vector bundle with typical fiber F, let 4> : M — > £ be the zero section 
of 7r and j 1 ^: M — > J 1 £' its canonical lifting. We construct the zero section of tt 1 in the 
following way: 

thereby, in this case 7T 1 : J 1 -© — ► -E is a vector bundle. 



A. Echeverria et al, Geometry of Lagrangian First-order Classical Field Theories. 



7 



2.1.2 Vertical differential. Canonical form 

(Following 0). 

We are now going to define the canonical geometric structures with which J l E is endowed 
with. The first one is the canonical form. Firstly we need to introduce the concept of vertical 
differ en tiation: 

Definition 1 Let (j>:M^E be a section of n, x £ M and y = (j){x). The vertical differential of 

the section cj) at the point y G E is the map 

<T y cP : T y E — » V„(tt) 

u i — ► u — T y (cj) o tt)u 

Notice that d y (j) is well defined since T y ir o d y (f> = 0, so the image is in V y (7r) and it depends 
only on (j l (j))(x). 

If (x^, y A ) is a natural local system of E and (f> = (x^, cf> A (x^)), then 

1«JL f 9 \ ( d< ^\ ( 3 \ d VJ.f 3 \ _ ( 3 



v \dx^ J y ydx^J ^\dy A Jy ' y \dy A J y \dy A J y 

Observe that the vertical differential splits T y E into a vertical component and another one 
which is tangent to the imagen of <fi at the point y. In addition, d y (f)(u) is the projection of u on 
the vertical part of this splitting. 

As d y (j) depends only on (j 1 <^)(7r(?/)), the vertical differential can be lifted to J l E in the following 
way: 

Definition 2 Consider y € ^E with y y A x and u E TyJ l E. The structure canonical form 
of J^E is a 1-form 9 in J l E with values on V(tt) which is defined by 

9{y-u) := (d^Ciyr 1 ^)) 

where the section <f> is a representative of y. 

This expression is well defined and does not depend on the representative <f> of y. 

If {x^ } y A ,v A ) is a natural local system of J X E and = a^, y A (y) = (3 A , v A (y) = j A , then: 

where eft is a representative of y. As one may observe, the images can be placed in the point y 
lifting them to this point from y, by means of the pull-back of bundles. 

From the above calculations we conclude that 8 is diferentiable and its expression in a natural 
local system is 

9 = (dy A - v A dx») ® (1) 
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According to this, 9 is a differential 1-form denned in J l E with values on 7r 1 *V(-7r), hence it is an 
element of Q 1 {J 1 E,k 1 *Y{k)) = Q l (J l E) ®ji E T{ J l E, vr 1 * V(vr)), where Q l {J 1 E) denotes the set 
of differential 1-forms in 

Holonomic sections can be characterized using the structure canonical form as follows: 

Proposition 1 Let ip: M — > J X E be a section of it 1 . The necessary and sufficient condition for -ip 
to be a holonomic section is that ip*9 = 

( Proof ) (-^=) Consider if) = j l (f). If x £ M and v £ T X M, we have 

(rO)(x;v) = {{j v 4>T0){x-v) = 9{{j v 4>){x);{T x j 1 ^)v) 

= (d^ ) 0)((T o . l0)(a;) ^ 1 )(T :E iV^))) = (dl {x) 4>)((Tx4>)(v)) 
= (T x </>)(v) - T^ (a;) (0 o 7r)((T x ^)(i;)) = 

(=>) Now, let ip:M^> J X E be a section of n 1 such that tp*9 = 0. If x G M and 
y A , v A ) is a natural system of coordinates in a neighbourhood U of Y>(x); then we have = 
(x^,g A (x tl ), f^ix^)) and therefore 

then f A {x p ) = -g—^( xP ) and V* is the canonical prolongation of a section of it. ■ 
We will use this canonical form in order to construct some other geometric elements on J X E. 



2.1.3 Contact module (Cartan distribution) 

The second canonical structure of J l E is defined in the following way: 

Definition 3 Let 9 be the structure canonical form of J l E. As we have seen, it is an element of 
f2 1 (J 1 E) (g) ji E r(J 1 £', 7T 1 V(7r)); then it can be considered as a C°° (J 1 E) -linear map 

9:T(J 1 E,Tr 1 *Y(-ir)y — ► Q 1 {J 1 E) 

The image of this map is called the contact module or Cartan distribution of J l E. It is denoted 
by M c . 



Proposition 2 A4 C is a locally finite generated module. If(x p ,y A ,v A ) is a local natural system of 
coordinates in an open set of J l E, then A4 C is generated by the forms 9 A = dy A — v A dx^ in this 
open set. 

( Proof ) The local expression of 9 in this local system is 9 = (dy A — v A dx^ (g> — A . Let {£ A } 

be the local basis of T(J 1 E', n 1 * V(7r))* which is dual of j^ - 4 j > therefore the image of 9 has as a 
local basis the above mentioned forms. ■ 
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Remark: 



• Observe that there is no identification of V(7r)* as a subbundle of T*E unless we have a 

connection on tt: E — > M. So the elements £ A are defined by £ A [ — -5 ) = 5 □ . 

\dy B J 

Now, using the Cartan distribution, we have another characterization of holonomic sections: 

Proposition 3 Let ip: M — > J^E be a section of tt 1 . The necessary and sufficient condition for ip 
to be a holonomic section is that ip*a = 0, for every a G M. c . 

( Proof ) {=>) Let ip = j l <p be an holonomic section and a G Ai c . By definition a = 9(ip), 
where (p: J l E — > 7r 1 *V(7r) is a section. If x G M and v G T X M, we have 

Wa){x;v) = a(iP(x);(T x iP)v)=e(ip)(iP(x);(T x iP)v) 

= OMx); (T x iP)v, if) = OMx); (T x ^)v)(<p) = v)(<p) = 

since ip*6 = 0, because ip is holonomic. 

(•<=) It suffices to see it in an open set of coordinates. Let (x^,y A , v A ) be a local natural 
system of coordinates in (7f 1 ) _1 (L r ), with U an open set in M. Let ip: M — > J 1 !? be a section such 
that ip*a = 0, for every a G ,M C . In particular, in {7, we have Vic/ = (x^ 1 , g A (x^), fp (x^ 1 )), and ^ 

vanishes on A , hence /.f = — — and ip is holonomic. ■ 

Conversely, the forms belonging to A4 C can be characterized by means of holonomic sections, 
which is the classical definition of M c - 

Proposition 4 Consider a G Q 1 (J 1 E). The necessary and sufficient condition for a G M. c is that 
(j 1 ^)* = 0, for every section cp: M —> E. 

( Proof ) We define the set 

M := {a G Q 1 (J l E) \ {j l (p)*a = 0, V0: M -» £?, section of vr} 
It is clear that .M c C .Mo- Now we are able to see that Mq coincides with M c locally. 

Consider y G J l E with vr 1 (y) = y and 7r(y) = x, and let <p:M —> E he & section of tt with 
</>(x) = y and (j 1 0)(x) = y. If (x >J, ,y A ,v A )) is a local system of coordinates and <p = {x^ ,(p A (x^) in 
this local system, we have 



(T x j\ 



d 



dx^ 



d 



dxt 1 
d 



d(p A d d 2 <p 



y dx^ 



x dy 



dx^ 



A 





A 



dy J 



y dx^dxP 
d 2 6 A 







x dv A 



y dx^dxP 



xdv A 



Therefore, varying the section cp, we obtain all the vectors in TyJ l E which are tangent to the image 
of the canonical extension of sections of tt. They are all the vectors of the subspace generated by 
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A basis of the subspace of T^^E which is incident to the last one is 

9 A = (dy A -v A (y)d^)\y 
thereby A4q is locally generated by 9 A = dy A — v A dx^ and, hence, it coincides with A4 C 



2.1 .4 Vertical endomorphisms 

Finally, we have two geometrical elements which generalize the notion of the canonical endomor- 
phism of a tangent bundle p5] . 

As we have seen, J^{E) is an affine bundle over E with associated vector bundle n*T*M <8>e 
V(7r). Therefore, if y € JyE, the tangent space to the fiber JyE at y is canonically isomorphic to 
T*/ aM (8 V y (ir). Moreover, TyJyE is just V y -J 1 E, that is, the vertical tangent space of J 1 E with 
respect to the projection ir 1 . Then: 

Definition 4 For every y 6 J l E, consider the canonical isomorphism 

«S fi :T; 1(p) M(8)V ff i (s) (7r)— kV^jt 1 ) 

which consists in associating with an element a0t)£ T^-^M^V^i^^vr) the directional derivative 
in y with respect to a v. Taking into account that a ® v acts in JyE by translation 

Sy{a <g> v) := D a ® v (y):f ^ lim 

for f € C°°(JyE). Then we have the following isomorphism of C°° (J 1 E) -modules 

S: T(J l E, Tt lf T*M) ® T(J l E, tt 1 * V(tt)) — ► r( J 1 E, V(vr 1 )) 
which is called the vertical endomorphism 5. 

If (x' 1 ,y A , v A ) is a natural system of coordinates, the local expression of S is given, in this local 
system, by 

s(w 9 x 9 



dy A ) dv A 

and, therefore, 

S = ^ 



tA d d 
dv A dx^ 

H 1 



where {£, A } is the local basis of F(J 1 E, 7r 1 *V(7r))* which is dual of {tttI as we have pointed out 

L dy A J 

in the remark following proposition g. So we have: 

Proposition 5 S G T(J 1 J E, (vr 1 * V(vr))*) ® Y{ J 1 E, V(vr 1 )) ® T{ J 1 E, 7f r TM) (Wiene a// i/te Censor 
products are on C ao (J l E)). 

In addition, S is a canonical section of (tt 1 V(ir))* ® V(7r 1 ) ® vf 1 TM over J 1 ^ (canonical in 
the sense that it is associated with the initial structure ir: E — > M). 
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Moreover, we have the canonical form 9 € Q 1 {J 1 E) ®ji e T{J 1 E,it 1 *Y(it)), then we can define: 

Definition 5 The vertical endomorphism V arises from the natural contraction between the factors 
T(J l E, (vr 1 *V(7r))*) of S and V (J 1 E , vr 1 * : V (tt)) of 9; that is 

v = i{s)e e n 1 (j 1 E) ® r( j x e, v(tt 1 )) «) r( j 1 ^, ^*tm) 

Taking into account the local expression of 9 (eq. @)), it is clear that the local expression of V 
in a natural system of coordinates is 

J 1 ^ is also endowed with other canonical structures, namely: the total differentiation and the 
module of total derivatives (see Nevertheless we are not going to use them in this work. 



2.2 Canonical prolongations 

Consider J^E -— ► £7 — ^ M as above. Geometric objects in E (namely, differential forms and 
vector fields) can be canonically lifted to J l E. Next, we study the way this is done, as well as the 
main properties of these liftings, because they will be used later in order to characterize critical 
sections starting from variational principles and in the study of symmetries. 



2.2.1 Prolongation of sections and diffeomorphisms 

Let (p: U C M — > E be a local section. In the above paragraphs we have seen that this section can 
be prolonged to a section j 1 ^: U — ► J l E with the following properties 

1. tt 1 o = 4> 2. = 

In order to evaluate j l (f) in a point x E U, it suffices to take the equivalence class of 4> in x, as we 
have described in the construction of J 1 ^. 

Now, let <£: E — > E be a diffeomorphism of tt- fiber bundles and $jvf : M — ► M the diffeomorphism 
induced on the basis. Our aim is to lift $ to a diffeomorphism of J 1 ^ in a natural way; that is, in 
such a way that the following diagram commutes: 

ji E ji E 



E ^ E 



TT 1 



7T | | IT 

M ^4 M 



Definition 6 Consider y E J l E, with y ^> y iA x, and let <p:U — > E be a local representative 
of y; that is <f> G y. T/ien $ o o (J)^ 1 is a /oca/ section of tt defined on $>m(U). The canonical 
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prolongation or the canonical lifting of the diffeomorphism $ is the map j ' 3>: J E — ► J E defined 
by 

It is clear that this definition does not depend on the representative <f> £ y; that is, (j 1 is well 

defined and, moreover, it depends differentiably on y. 

We can check that this definition has the predicted properties. In fact: 

Proposition 6 Let E — > E be a diffeomorphism of fiber bundles. Then 

1. 7T 1 O j 1 ® = $ 7T 1 , Vf 1 O j 1 ^ = $> M O TT 1 . 

2. If$>':E—*Eis another fiber bundle diffeomorphism, then 

3. j 1 ^ is a diffeomorphism of tt 1 -bundles and n l -bundles, and (j 1 $) = <& . 
^. If (p: U ^> E is a local section of tt, then 

o o $-/) = o j 1 ,/, o fc- 1 

5. If ip:U — ► J l E is a holonomic section, with ib = j l <j) for some <p:U —>■ E, then j 1( 3? o j l cj) o 
$7^ : &m(U) —* J^E is a holonomic section. 

(Proof) See @. ■ 

Remark: 

• If $: E 1 — > E 1 induces the identity in M (that is a strong diffeomorphism), then j 1 ^ is defined 
by 

(; 1 *)(y)=i 1 (*o^)(aj) ; (</>ey , vf 1 (y) = x) 

since $ o <fi is a section of tt defined in the same open set as the section cf). In the same way, in 
this case, j 1 ^ oj <f> = j 1 ^ ° <ft), and hence canonical prolongations of strong diffeomorphisms 
transform holonomic sections defined in an open set into holonomic sections defined in the 
same open set. 

2.2.2 Relation with the affine structure 

Now we want to describe the relations between the canonical prolongations of diffeomorphisms and 
the canonical structures of J X E introduced in the above section. 

First of all we study the relation with the affine structure of J l E. 

Proposition 7 The canonical prolongations of diffeomorphisms <£: E — > E over tt preserve the 
affine structure of tt 1 : J x E — > E. 
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( Proof ) Consider y £ J^E and <fi € y, we have 

(j 1 ^ )(y) = o <j> o o ^(^(v)) 

Consider now a v G Tt-^sM V^i^^ir) and the point y + a ® v. Let <p': M — > be a local 
section with </) / (7f 1 (y)) = 7r 1 (y) and T^i^)^' = T^iry\(p + a®v. We have 

(j 1 ^)^ + a®v) = (j 1 ($o ( /.'o$ M 1 )o$ M )(7f 1 (y + a(g)t;)) 

= T ^'(ffi(5)) $ ° T* 1 ®^ ° T ^M^ 1 (y))^M 

= T <p(^(y))® ° (T^i(5)0 + a (8) u) o T^^i^))^ 1 

= T 0(# i (5)) $ o T # i {5) o T^^g))*^ 1 + T^i te)) $ o a <g> w o T^^i^))^^/ 
= ^($0 00 *^ 1 )(*Af(7r 1 (!/)) + ( T * M (^te)) $ M ® T w i (s) )*(q <8> v) 
= +<p(a®v) 

where T* 1( - } M ® V^i (5) (vr) T* m( - 1( - )} M ® V* (ff i (s)) (7r) is the map y> := T* ^-^S^ 1 ® 
T T i(^)$ and hence it is linear, therefore j 1 ^ is an affine mapping. ■ 

Remarks: 



• See [31] for a local version of this proof. 

• Consider y £ J 1 !? with tv (y) = y. Since JyE is an affine bundle over E with typical fiber 
7T 1 T*M V(7r), the tangent space to one fiber at each point is canonically isomorphic to 
the vector space where the fiber is modelled on; that is 

TlJiEaiT; m M®V y (7r) 

If $>:E — > E is a 7r-diffeomorphism, we have seen that j 1 ^ preserves the affine structure, 
hence the tangent of j 1 ^ is just its linear part; that is, Tyj 1 ^ acts on TyJ l E in the following 
way: 

TyJ x E ► TjiQfflJl^E 



with the canonical identifications. 



2.2.3 Relation with the geometric elements 

Next we analyze the relation between the canonical prolongation of diffeomorphisms and the contact 
module, the structure canonical form and the canonical isomorphisms, proving that all of them are 
invariant under the action of these prolongations. 

Proposition 8 Let <&:E^E be a diffeomorphism and j 1 ^: J^E — > J l E its canonical prolonga- 
tion. Then 



1. (j^)*M c = M c 2. Cf$)*0 
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Proof) 

1. Consider a G A4 C . In order to see that (j 1 $)*a G M c we have to prove that it vanishes on 
every holonomic section. Let (f)\ U — > E be a local section and j 1 ^: [/ — > J 1 ^ its canonical 
prolongation, we have 

(iVr((j 1( I>)*«) = (7 1 *ojV)*«= (i 1 ($o < /,od» M 1 )ocD A/ )*a = ($^o/($o0o$- 1 )> = O 
because o o = since a G A4 C and f o^o is a section of tt. 

We have proved that (j 1 $)*A4 c C A4 C and the converse inclusion is a direct consequence of 
the third item of proposition |||. 

2. Consider 6 as a C°°(J 1 £ ; )-linear map between X(J 1 E) and T(J 1 £J, 7T 1 V(7r)). Then we have 

^(J 1 ^) ► ^(J 1 ^) 

(j 1 *)^ | | e 

r(j 1 J e,^ r v(^)) ► r(j 1 s,vr 1 *v(7r)) 

therefore 

and (j 1 ^)*^ = is equivalent to 

O- 1 *)*o0 = eo(j 1 *) # (2) 

In order to prove this, let y G J 1 ^, u G Ty^E and G y, (0: Z7 — ► J5). Taking into account 
the action of j 1 ^ on 7r 1 *V(7r), we have 

(Tj^o^u) = Ti 1 $(^(y;u))=Ti 1 $(d^(T 57 r 1 («))) 
= (/^(T.V^-T^ott 1 )^)) 

= T^OTT 1 )^) -Tg^O^Of 1 )^) 

however, since a representative of is tp = $ o o <&~j^ , we obtain 

(floTj 1 *)^) = 0((j x <I>Xy);T s (u)) 

= (d^ (2/) ^)((T (il$){s) 7r 1 oT g i 1 $)(^)) 

= (d^XT^oj^Xu)) 

= T^vr 1 o - (T^ott) oTjCtt 1 o /<&))(«) 

= T^tt 1 o - T y ($ o o o tt 1 o 

= T^tt 1 o -T^o^oTf 1 )^) 



Conversely, we can characterize the diffeomorphisms in J E which are canonical prolongations 
as follows: 



Proposition 9 Let be a diffeomorphism of tt- fiber bundles and $>m'-M — > M the dif- 

feomorphism induced on the basis. Let «3>: J l E — > J 1 ^ 6e a diffeomorphism verifying the following 
conditions: 

1. vr 1 o<| = $o7r 1 2. <J>*6> = 6> 

T/ien $ = j 1 ^. 
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( Proof ) Let y € J X E and € y, with 4>:U — > -E, U C M. The second condition implies that 
= = 0, then 

However, 



7T 1 O |> O j 1 ^ O = 7T O 7T 1 O <| O j 1 ^ O = 7T O $ O 7T 1 O j 1 (f> O Cj)^ 

= $ M O 7T O O = $ M O Id[/ O = Id$ M([7 ) 

then the map $ o j 1 ^ o <&^: (^(^O — * is a section of tt 1 such that vanishes on it, so it is a 
holonomic section and there exists tp: <&m{U) — > E, with $ o j 1 ^ o $^ = j 1 ^. Therefore 

ip = tt 1 o j 1 ^ = vr 1 o $ o j 1 ^ o $^ = <J) o 7T 1 o j 1 ^ o $^ = $ O o <S>~^ 

and we have 

= |.(iV(vr 1 (y))) = (^oiV° < &M 1 )(^(^(y))) 

= (iV)^^ 1 ^))) =i i ($ojVo$^ i )($ M (* i fe-))) = (j^m 

so$ = j 1 $. ■ 
The last two results can be summarized in the following assertion: 

Proposition 10 Let &:J l E — > J X E be a diffeomorphism of fiber bundles over E and over M, 
which induces <E>: E — > -B and <E>m: — > M. T/ie necessary and sufficient condition for <5 to be the 
canonical prolongation to J X E of the induced diffeomorphism Q on E is that <t*9 = 9. 

Finally, for the vertical endomorphisms we have: 

Proposition 11 Let <E>: E — ► E be a diffeomorphism and j 1 ^: J l E — ► J l E its canonical prolonga- 
tion. Then 

1. (j 1 $)*5 = 5 2. (j 1 $)*V = V 

( Proof) We are going to interpret (j 1( I>)*iS as a morphism of sections over J X E. Remember that, 
if y 6 J 1 ^ with y ^ y ^ x and a®w£ V y (7r) <8> T*M, then <S(y; a ® v ) = D al $ v (y), the directional 
derivative in J^B at the point y in the direction given by a (g> t> . According to this we can display 
the following diagram 

r( J X E, 7f r T*M) r( J X E, tt 1 * V(tt)) ► r(J 1 B, 7r r T*M) (8 T( J 1 ^, vr 1 * V(tt)) 

r(j 1 B,v(7r 1 )) ► r(j 1 B,v(7r 1 )) 

therefore, as in the above proposition of invariance of the structure form 6, we have 
and the statement of the theorem is equivalent to 
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We have 

(5o(( J 1 <D- 1 )*^( J 1 c|»),))(y;a^ W ) = S((j 1 $)(yy,T*j 1 *- 1 a®Tj 1 $v) 

However 

o S)(y; a®v) = (Tyj^)(D am (y)) 

but, if / G C^i^E), then 

D^j^-^T^vU^mf = Km + tCTV 1 *- 1 ^ ® Tj 1 ^)) - /(/<!>)(£))) 

and 

(T/^CD^Cy))/ = lim + to ® «)) - /(j 1 ^))) 

then it must be proved that 

+ ta <g> u) = -1 *)(i/) + <(T*j 1 *~ 1 a (8) Tj 1 ^) 

But this is proposition ^. 

Since V = i(S)9, the second item obviously holds. ■ 

2.2.4 Prolongation of projectable vector fields 

Let Z € A'(-E') a 7r-projectable vector field and Tf.W — > W, (W C S being an open set), a local 
one-parameter group of diffeomorphisms of Z. are bundle-diffeomorphisms, hence there exist 
their prolongations j^r% to J X E. From the properties of Tt, we deduce that j r% is also a local 
one-parameter group of diffeomorphisms defined in (ir 1 )~ 1 (W), so they are associated to a vector 
field. Since the prolongations can be done on every open set where a local one-parameter group of 
diffeomorphisms of Z exists, we can extend this vector field everywhere in its domain. 

Definition 7 Let Z € X(E) be a tt -projectable vector field. The canonical prolongation of Z is the 
vector field j 1 Z € X(J l E) whose associated local one-parameter groups of diffeomorphisms are the 
canonical prolongations j l Tt of the local one-parameter groups of diffeomorphisms of Z . 

The most relevant properties of these prolongations are: 

Proposition 12 Let Z G X(E) be a tt -projectable vector field. Then: 

1. j 1 Z is well defined and it is a it 1 -projectable vector field, satisfying that nl(j 1 Z) = Z. 

2. L(j 1 Z)M c C M c . 

3. The canonical prolongation of Z is the only vector field j 1 Z € X{J l E) verifying the two 
following conditions: 

(a) j 1 Z is tt 1 -projectable and ir\{j * Z) = Z. 

(b) j 1 Z lets the contact module invariant: L(j x Z)M. C C A4 C . 
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( Proof) 

1. It is a direct consequence of the theorem of existence and unicity of the local one-parameter 
groups. 

2. Since the canonical prolongations of diffeomorphisms preserve the contact module, the result 
follows straightforwardly. 

3. It suffices to see that these conditions allow us to calculate the coordinates of j^Z in any local 

canonical system of J^E. So, let (x^,y A ,v A ) be a local natural system in (ir 1 )~ 1 (W) C J l E, 

d a dct^ 1 

and Z = a M — h — -j a 7r-projectable vector field; that is, — -j = . Since j x Z is 

ox^ oy A oy A 



7r 1 -projectable and -k\(j v Z') = Z, we have 



d „a d . A d 



3 1 Z = °r«=ri+ft A -srx + % 



Q x n r QyA 'P Q V A 

and the only problem is to calculate the coefficients y A But we know that j x Z preserves the 
contact module and this is generated by the forms 9 A = dy A — v A dx p , then we have 

Hj 1 z)e A = t A Q B 

where (b G C°°(W). We obtain 

C$9 B = L(j 1 Z)9 A = (di(j 1 Z)+i(j 1 Z)d)9 A 
= d(f3 A -v^) + t(j 1 Z)(dv A Adxn 



8f3 A A daP A u d(3 A , 
VW^ 7,7 dx M + --7T dy i 

P «™h 'P / «„B y 



\ dx» p dx^ J dy 
Then, by identification of terms 

d(3 A . B d(3 A A daP 



therefore 



A = ufj A B = u^j _ A 



4 UU a UOC d 
7 = — U h V 



fop P fop P g y B 

which completes the local coordinate expression of j x Z. 



As a particular case, if Z G ^(-E 1 ) is a vertical vector field; that is, ir*Z = 0, then if r< is a 

local one-parameter group associated with Z, it induces the identity on M. In this case, in a local 

d 

natural system of coordinates, Z = P A -q~ a and its canonical prolongation is 

d ( d(3 A d(3 A B \ d 



dy A \ dx^ dy B ^ J dv A 
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2.2.5 Generalization to non-projectable vector fields 

If Z £ X{E) is not a 7r-projectable vector field, we can define its prolongation by means of the 



characterization given in proposition 12. Thus we define: 



Definition 8 Let Z € X{E) be a vector field. The canonical prolongation of Z is the only vector 
field j x Z G X^E) verifying the following conditions: 

1. j x Z is 7T 1 -projectable and Trl(j Z) = Z. 

2. The contact module is invariant under the action of j 1 Z: L(i 1 Z)M. C C M c . 

A vector field X € X( ^E) satisfying these conditions is called an infinitesimal contact transfor- 
mation. 

d d 

In a local system of coordinates, (x )l ,y A ,v^), with Z = a ^~Q~ j[ + $ A ~q~a ' d°i n S an analogous 



da? 

calculation as in the above section and taking into account that, in general, - . ^ , we obtain 



finally 

J 8x? P 8y A \ 8x? p \dxn dy B ) " 8y B J dv$ 



For further points of view on this subject, see [14] or [18] 



3 Lagrangian formalism of first-order field theories 



3.1 Lagrangian systems. Variational problems and critical sections 



This section is devoted to the introduction of lagrangian densities and, using them, to defining the 
geometrical objects that allow us to study the dynamical behaviour of field theories. 

Let us consider again the initial situation it: E — > M and the jet bundle 7T : J l E E, M being 
an orientable manifold. 



3.1.1 Lagrangian densities 



Dynamics of classical field theories is given from lagrangian densities. A lagrangian density depends 
on the fields and their first derivatives with respect to the space-time variables, and it can be 
integrated on the images of the fields. 

First of all, it is important to point out that the following C°°( J x i?)-modules are canonically 
isomorphic: 
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1. C^i^E) <g> M Q n+1 (M). 

2. r(J 1 J B,vf 1 *A ?1+1 T*M). 

3. The set of semibasic (n + l)-forms on J l E with respect to the projection ff : 

{a G Q n+l {J l E) | i(X)a = 0, VlG T(J l E,Y(it 1 ))} 

4. The sections of the bundle A n+1 T*M along the mapping n l : J X E — > M. 

(Proofs of this proposition can be found in |M and p4| ) . ■ 
This assertion allow us a free ride on the notion of lagrangian density. Then we define: 

Definition 9 A lagrangian density £ is a tt 1 -semibasic (n + l)-form in J l E. 

Remarks: 

1. After the above proposition, the lagrangian densities will be considered indistinctly as ele- 
ments of any one of those C°°(J 1 £')-modules when necessary. 

2. The expression of a lagrangian density C is 

C = h® 7r x V = fi®J ; /<€ C°°(J 1 J E) , e tt" +1 (M) 

Since we suppose that M is an oriented manifold, suppose w G i? n+1 (M) is a fixed volume 
(n + l)-form on M, then from now on we will write a lagrangian density as 

C = £uj ; £ G C oc (J 1 E) , uj e f} n+1 (M) 

If (x^,y A ,v^) is a natural system of coordinates, we use the expression 

£= £(^,/,« / f)dx i A ... A dx n A dx° = £d n+J x 

Then: 

Definition 10 The function £ is called the lagrangian function associated with C and lo. 

3. Bearing this in mind, the exterior differential of C is dC = d£ A uj, which is an element of 
f2 n+2 (J 1 J B) or an element of ^(J 1 ^) A T(J l E, vf 1 * A n+1 T*M), with the exterior product as 
C°°(J 1 ^)-modules. 

Observe that, if X\, X2 are ^-vertical vector fields, then i{Xx) i{X<2)dC = 0. 
Finally, we establish the following terminology: 

Definition 11 A lagrangian system is a pair ((E, M; tt), C) where 

1. tt: E — > M is a differentiable bundle with M an orientable manifold. 

2. C is a lagrangian density. 
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3.1.2 Lagrangian canonical forms. Properties 



Now we can define the canonical forms induced by a lagrangian density. Given a lagrangian density 
C which we write in the form C = £uj, we are going to associate it with some differential forms in 
order to use them for studying variational problems. 

The standpoint objects are 

dC G Q l (J 1 E) Ar(J 1 £,7f 1 *A n+1 T*M) 

and we can contract the factors r( J l E, V(vr 1 )) of V with Q 1 (J l E) of dC, and V (J 1 E , it 1 * T M) 
with r(J 1 £,7f 1 *A"+ 1 T*M), obtaining a factor in r( J l E, vf 1 * A"T*M). So we have an element of 
Q 1 (J l E) A T(J l E,Tt l " K n T*M) which is also an element of j? n+1 (J 1 J E) in a natural way. Then 



Definition 12 Let ((E, M; it), C) be a lagrangian system. 



1. The [n + l)-form in J X E 

$c ■= i(V)(LC 

(obtained after doing the above-mentioned contractions) is called the lagrangian canonical 
form associated with the lagrangian density C. 

2. The (n + I) -form in J X E 

is called the Poincare-Cartan (n + l)-form associated with the lagrangian density C. 

3. The (n + 2)-form in J X E 

n c .- _ d e £ 

is called the Poincare-Cartan (n + 2)-form associated with the lagrangian density C. 



In a natural system of coordinates (x fJ, ,y A ,v A ) the expressions of these elements are: 



V = 



p - 

d d 



dv A dx^ 

h 1 



A = dy A -vfdx p 
dC = d£ A uj 



lo = dx 1 A . . . dx n A dx° = d n+1 x 
*c:=i{V)dC = |^A*fA^ = |^ Ad% 

d£ 



dv A V dx' 1 J dv A 



qA a (_i)M+i dx i A . . . dx M-i A dx M+i A ... da; 



dv A 



" £ - -d(||)Ad/Ad % + d(||<-^Ad 



n+1 

X 
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As a direct consequence of the definition and the above local expressions, the relation between 
these canonical forms and the prolongation of sections is the following: 

Proposition 13 Let (f>: U C M —* E be a local section of n. If £ is a lagrangian density then 

1. tfW&C = o. 

2. (jV)*e £ = (j^yc. 

3.1.3 Density of lagrangian energy 

In the last paragraph we have seen how, in the local expression of the Poincare-Cartan (n + 2)-form, 
appears the factor 

f) f 

- M < ~ £ (3) 

which is recognized as the classical expression of the lagrangian energy associated with the la- 
grangian function £. Is there any global function on J l E having this local expression?. We are 
going to prove that, in order to give an intrinsic construction of this function and, by extension, of 
a density of lagrangian energy, it is necessary to choose a connection in the bundle ir: E — > M 0. 
This dependence is hidden in the given local expression because any local systems of coordinates 
in this bundle induces a local connection with vanishing Christoffel symbols. 

First of all, we refer to the appendix |A| in order to take into account the basic concepts about 
connections in the bundle n: E — » M. Then we will see how the identifications made in this 
appendix influence the vertical endomorphisms and the lagrangian forms. 



Consider the bundle sequence 



J l E — ► E — ► M 



and the bundle ir 1 TE — » J l E. If V is a connection in ir: E — > M inducing the splitting TE = 
V(7r) © H(V), we also have that 

ir r TE = 7r 1 *V(vr) © tt^^V) 

and therefore we obtain 

n l* T * E = ^v^tt) © vr r H*(V) 
as a splitting in the dual bundle. Hence 7T 1 V*(7r) is identified as a subbundle of 7r 1 *T*i?. 

If £ is a section of vr r T*£ -» J l E\ that is, £ E T (J 1 E , ir 1 * T* E) , then £ is an element of 
Q 1 {J l E), that is, a 1-form on J l E, in the following way: let y \—* y x and X G X{J l E). We 
write 

i{y;X) = t y {{TyK l ){Xy)) 

where £ y is the value of £ at y, translated to y = vr 1 (y) by means of the natural identification 
between the corresponding fibers of ir 1 T*E and T*E. 

In the same way, as every connection induces an injection ir 1 V*(n) ir 1 T*E, then every 
C G r(J 1 ^,vr 1 *V*(7r)) is a 1-form in J l E. We then have 

r(j 1 ^,7r r v*(7r)) q 1 (j 1 e) 



2 In a forthcomming work P2], we will prove that this density of lagrangian energy allows us to construct a 
hamiltonian density and a formulation of the theory in hamiltonian terms. 
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Consider now the vertical endomorphisms S and V, which, as we know, are sections of the 
bundles 

S G T(J l E, (7r r V(7r))*) (g>r(J 1 E,V(7r 1 )) «>r(J 1 E,t 1 *TM) 
V G n 1 (J 1 E)®F(J 1 E,V(TT 1 ))®r(J 1 E,Tt 1 *TM) 

(remember that (7r 1 *V(7r))* = 7r 1 *V*(7r)). Taking into account the above identifications, the fol- 
lowing operation holds 

S - V G Q 1 {J 1 E) (g> r( J X E, V(vr 1 )) ® T( J 1 ^, vf r TM) 

Consequently we are able to achieve the contraction of this difference with differential forms in J X E 
such as d£, obtaining 

which is a semibasic form with respect to 7T 1 . Then we can define: 



i(S-V)d£ G ^(J 1 ^) 



Definition 13 Let ((E, M; tt), C) be a lagrangian system and V be a connection in ir: E — > M. 
T/ie density of lagrangian energy associated with the lagrangian density C and the connection V is 
the semibasic (n + l)-form in J X E given by 

Sj := i(S - V)dC - C 

As in the case of the lagrangian density, the expression of the density of lagrangian energy is 

£j =Fi® It 1 * J = Fi®J ■ C°°(J 1 J E) , J G n n+1 (M) 

and, if lo G Q n+l (M) is the volume (n + l)-form on M, from now on we will write the density of 
lagrangian energy as 

Ej = eJ^uj = EJlo ; Ej G C°°(J 1 j E) , uj G Q n+l {M) 

Then: 

Definition 14 The function E^ is called the lagrangian energy function associated with C, V and 

U. 

In order to see the local expressions of these elements, let (x^,y A ,v A ) be a natural system of 
coordinates. We have 

( d , ^ d 



V = dx» ® — + r 



V3x^ ' ^ dy A 
£j = Ejd n+1 x 

S = (d/-<d^)^^A 

9 9 



V = (dy A - t^dx M ) <g> 



where, in the expression of 5, we have taken {dy A — r A dx^} as a local basis of the sections of 
n 1 V*(ir) over J l E, associated with the connection V. This basis is well defined because 7r 1 *V*(7r) 

— - + | . Hence 



A. Echeverria et al, Geometry of Lagrangian First-order Classical Field Theories. 



23 



and then the density of lagrangian energy is 



d£ 



Sj := i(S - V)dC - C = - If) - £j d n+1 x 

where 

is the expression of the lagrangian energy. As one may observe, the definition of the density of 
lagrangian energy associated with C and V depends only on these elements. 

Remark: 



• If the bundle it: E — > M is trivial, that is E = F x M, then we have a natural connection on 
E given by the splitting TE = TF x TM, and the density of lagrangian energy associated 
with this natural connection is just @, since if = 0. 

As a final remark, we will compare the densities of lagrangian energy corresponding to two 
different connections. 

First of all, as is described in appendix [A], given a connection V and 7 £ T(E,ir*T* M) ® 
T(E, V(tt)), then V + 7 is also a connection and, conversely, if V and V' are connections then 

V — V = 7 G T(E,tt*T*M) (g> T(E, V(jr)); that is, the difference between two connections is not a 
connection. Hence, for a given connection V, the construction of the density of lagrangian energy 
allows us to define a map 

r(£,vr*T*M) (g>r(£,V(7r)) — ► r(J 1 £,vf 1 *A n+1 T*M) 

cV+7 cV 

which is a C°°(£')-morphism of modules. This is the so-called Legendre transformation form in 
0- 

In another way, if we denote by 5 V and ,S V+7 the "vertical endomorphisms corresponding to 

V and V + 7" respectively, we have 

£j +7 -£l = i{S V+1 - 5 v )d£ 



In a local system of coordinates we have 

7 

Note that this difference does not depend on the connection but only on 7. 

This expression of the difference of densities of lagrangian energy corresponding to two different 
connections is recognized by stating that the density of lagrangian energy depends linearly on the 
connection. 



a d£ , 
-'v d 



d 
dy A 

n+l. 
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3.1.4 Variational problem associated with a lagrangian density 

If (fi: M — > E is a section of ir and j X (fi:M — > J^E is its canonical prolongation, since C is a 
(n + l)-form on J l E, then (j l (fi)* £ G i? n+1 (M). Taking this into account we can define: 

Definition 15 Let ((E, M; tt), £) 6e a lagrangian system. Let T C (M,E) be the set of compact 
supported sections of tt and consider the map 

L : T C (M,E) — ► R 

The variational problem posed by the lagrangian density C is the problem of searching for the critical 
(or stationary) sections of the functional L. 



Remark: 



• The sections must be "stationary" with respect to the variations of (fi given by (fit = T t° <f>, 
where {r t } is a local one-parameter group of any vector field Z G X(E) which is 7r-vertical; 
that is, 

A J tf^yc = 
at t=o Jm 

Z is required to be vertical in order to assure that (fit is a section defined in the same open 
set as (fi (except for some problems in the domain of Tt), since Tt induces the identity on M. 



3.1.5 Characterization of critical sections 



In this paragraph we suppose that a lagrangian density C is given and we are going to study the 
conditions for a section of tt with compact support to be a critical section of the variational problem 
associated with this lagrangian density. For other approaches see [17|. [ff3], ]i~8[ ]. 



Theorem 1 Let ((E, M; tt), C) be a lagrangian system. The following assertions on a section 
(fi G r c (M, E) are equivalent []. 

1. (fi is a critical section for the variational problem posed by C 

2. [ (/</>)* Uj 1 Z)C = , for every Z E X V ^(E). 
Jm 

3- I (jV)* L(j 1 Z)e c = , for every Z G X V W(E). 
Jm 

4- (j'V)* i(j lz ) Q C = °; f° r ever V z G X v(w) {E). 

5. (jV)* i(X)Q C = 0, for every X G X{J l E). 

6. If (x^ 1 , y A , vj2) is a local natural system of coordinates and C = £uj = £d n+1 x, the coordinates 
of (fi in that system satisfy the Euler-Lagrange equations: 



d£ 



dy 1 



d d£ 



dxi* \ dv A 



; (A = 1,...,N) 



In the Lie derivatives and contractions, C must be understood as a (n + l)-form on J 1 E. 
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(Proof) (1 44> 2) If Z € X Y ^\E) and Tt is a one-parameter local group of Z, according to 
the results in the paragraph [T^, we have 

j l {n °<t>) =i 1 T i o j 1 ^ 

therefore 

d / 



df 



t^o t \Jm Jm J 

= limy (7 U^TU'nrc- [ u^yc) 

t^o t \Jm Jm ) 



lim 



7(7 (iVr[(A*r>c-£]) = / (iV)*L(i^)£ 

C VM / JM 



and the results follows immediatelly. 



(2 <^ 3) Taking into account that (j 1 ^)* C = (j 1 0)*O,c, for every section of tt, we have 
is a critical section if, and only if, for every Z € X^^ (E) . 



d_ 

df 



, , . a 1 (no0))*e £ = / (j 1 ( pyu J 1 z)@ l 

i=0 Jm Jm 



where 7$ is the one-parameter local group associated with Z. 

(3 4^ 4) Taking into account the last item, we have <f> is a critical section if, and only if, 

/ (j'V)* Hj 1 Z)Q c = , for every Z G ^ V W(S). But 
Jm 

Uj 1 z)e c = di( J 1 z)ec + i(j 1 z)de c = di(j 1 z)e c - i(j l z)n c 

and as <f> has compact support, using Stoke's theorem we obtain 

U 1 <pydi(j 1 z)e c = [ d(j 1 <py i (j 1 z)e c = o 

Jm 



IM 

and hence is a critical section if, and only if. 

•In* 



( J ^yi(j i z)n c = o 

M 

and therefore, according to the fundamental theorem of variational calculus (see the comment at 
the end of the proof), the section is critical if, and only if, 

(j 1 <f>yi(j l z)n c = o 



(4 44> 5) The sufhcency is a consequence of the above theorem. 

We will attempt to prove that the condition is necessary. Suppose <f> G T C (M, E) is stationary; 
that is, 

{j x <t>)*i{j 1 Z)n c = Q VZeX Y ^(E) 

and consider X £ X(J 1 E), which can be writen as X = X^ + X v where X^ is tangent to the 
image of j l <j) an d X v is vertical in relation to tt 1 , both in the points of the image of j 1 ^. However, 
X v = (X v — j l (Tr\X v )) + j (nlX v ), where j 1 (7r^X 1 ,) is understood as the prolongation of a vector 
field which coincides with tt\X v on the image of 4>. Observe that tt\(X v -3\irlX v )) = on the 
points of the image of j l (f). Therefrom 
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However, (j V)* iiX^Slc = because is tangent to the image of j 1 ^, hence Qc ac ts on linearly 
dependent vector fields. Nevertheless, (j V)* i[X v — j (irlX v ))Qc = because X v — j l (it\X v ) is ir 1 - 
vertical and Qc vanishes on these vector fields, when it is restricted to j 1 ^ (again, see the comment 
at the end of the proof). Therefore 



u^nix)^ 



M 



{j l 4>yi{j l «x v )){i L 



M 



since 4> is stationary and ~k\X v G X^^\E). 

(2 44> 6) is a stationary section if, and only if, 

/ (j 1 4>TL(j 1 z)c = o , vze^(E) 

J M 



If Z = (3 A 1 $-j then 
oy A 



and hence 



oy A 



d(5 A df3 A B \ d 
~dx~^ + dy B V ^ j drf 



i(j 1 Z)dC = i(j 1 Z)(d£ Aw) = i(j 1 Z){d£ A d n+1 u;) = P A 
therefore we have 
(j 1 ^)*i(j 1 Z)dC 



d£ 
dy A 



+ 



d£ 



dy J 



OJ*<f> + 



ocb + 



d(3 J 



kB 



d£ 



dy 



B 



dx^ dv A 



° J 



d n+1 x (4) 



Now we will calculate the integral. Firstly, one may observe that the last term gives 



d(5 J 



d£ 



m \ dy B I dx^ \ dv A 



iU d n+l x 



M 



d 
dx^ 



(/3 A o0) 



d[3 A 



d£_ 

dv A 



x 



and the second term of this last expression cancels the second one in (Q). Whereas for the first one, 
taking into account that the section is compact supported and integrating by parts, we have 



Im dx» \dv A °^ &J dx x J A 



m a ,\ 9 d£ 



oj 1 ^\dx n+1 x 



therefore 



M 



i(j l Z)d£ 



M 



d£_ 

dy A 



d d£ 



dxv \ dv A 



°jV (P A ° (p)dx n+1 x = 



and since (3 A are arbitrary functions, we obtain 



d£_ 

dy A 



d d£ 



dx^ \ dv A 



as set out to prove. 



Remark: 
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• In this context, the fundamental theorem of variational calculus is applied in the following 
way: let <p £ T C (M, E) be a section for which there exists Z € X Y( ^\E) and x <G M such that 

we will see that, in this case, the section is not critical. In order to do this, it suffices to find 
a vector field Z' € X V( - W \E) such that 



/ (j^nU'Z'^c^O 
Jm 



This vector field Z' is constructed as follows: let IF be a coordinate open set with x € W and 
such that (j'V)* i(j l Z)VLc\w = <?d n+1 x with g > 0, and let /: M — > R be a function verifying 
that 

1. f\ w <0. 

2. There exists V C W such that f\ v > 0. 
3- /|m-w = 0. 

Consider the vector field Z 1 = fZ. Since / vanishes out of the coordinate neighbourhood, 
the integral involving Z' vanishes there. Consequently, on W, we have 



QyA QyA I Q X [l M QyB \ QyA 



dy A 

Z' = fZ j 1 Z' = j 1 (fZ) = fj 1 Z + P 



dx^ dv A 



therefore i(j x Z') = fi(j l Z) + i(X), where X = l3 A ^-^-j , but since 

ox^ ov^ 

8 £ 

n c = -d— -t A dy A A d n xn + dE A d n+1 x 
dvfi 

we obtain 



pB d df d 2 £ Ad A Ad n x i pB 9f d 2 £ Ad n+i x 

dxP dv^dvfl " M dxP dv %dv A 

If </> = (f) A (x^)), we have 

aA a # »2 /> a j,A 



— pp ;i — d x + / ? _____ 



j!0 <9a^ dv£dv A 



j^4> dxP 



d n+1 x = 



therefore 

(iV) i (j 1 ^ / )^ = (jV)/i(j 1 ^)^ 

and, taking into account the conditions on W and /, we conclude that 

/ (j 1 cf>yi(j 1 z')n c = [ {j 1 4>Tfi{j 1 z)^ c = [ ftftntfzwoo 

Jm Jw Jw 
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3.2 Lagrangian formalism with jet fields 



The lagrangian formalism for field theories can also be established in a more analogous way than in 
the case of mechanical systems using 1-jet fields. We devote the following paragraps to developing 
these topics and review the main results obtained in the above sections. 

First, we will introduce the kind of geometrical objects which are relevant in order to provide 
this particular formulation of dynamics of field theories. Once again, we refer to the appendix ^ 
for the basic concepts related to jet fields in a jet bundle. 



3.2.1 1-jet fields in the bundle J l J l E 



Consider the bundle tt . J E — > M. The jet bundle J J E is obtained by defining an equivalence 
relation on the local sections of ff . Hence, the elements of J 1 J^E are equivalence classes of these 
local sections and J 1 J X E is an affine bundle over J l E, modelled on the vector bundle it 1 * T* M (gi ji E 
V(7r 1 ). So, we have the commutative diagram 

3 X J X E -^L J X E E 




Let y-. J l E — > J 1 J X E be a 1-jet field in J^J^E. As we know y induces a connection form V 
and a horizontal n + 1-subbundle H( J l E) such that 

TJ X E = V(vr 1 ) Im V = V(^ 1 ) © H( J X E) 

where Hy = ImTjig)^, for y £ J l E and ip: M — > ^E a representative of y(y). We denote by 
V(y) the C°°(J 1 J B)-module of sections of H{J l E). 

If y A ,v^,a A , fr^J is a natural local system in J l J l E, we have the following local expressions 
for these elements 

y = (x",/,^,^(x",/,^),G^(x",/,^)) 



If y~. J l E — > J 1 J 1 ^ is a 1-jet field then a section ip:M—> J X E is said to be an integral section 
of y iff 3^ o ^ = j 1 ^. y is said to be an integrable jet field iff it admits integral sections. One may 
readily check that, in a natural local system of coordinates in J l J x E, tp = f tJ, (x v ),g A (x 1 ') and 
it is an integral section of y if, and only if, tp is a solution of the following system of differential 
equations 

df A W A , H r A , 

Remember that if tp is an integral section of y, then the distribution T> (y) is tangent to the image 
of ip and conversely. Hence, y is integrable if, and only if, T>{y) is an involutive distribution or, 
what is equivalent, if, and only if, the curvature of V is nule. 
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3.2.2 The S.O.P.D.E. condition 

The idea of this paragraph is to characterize the integrable jet fields in J l J l E such that their 
integral sections are canonical prolongations of sections from M to E. 

It is well known that there are two natural projections from TTQ to TQ. In the same way, 
if we consider the diagram (||), we are going to see that there is another natural projection from 

J 1 J 1 £7 to J l E. Let y € J 1 J 1 £' with y i— \ y \— > y i— > x , and ip: M — > J l E a representative of y, 
that is, y = T x ip. Consider now the section <p = ir 1 o ip: M — > E, then j 1 <p{x) G J 1 ^ and we have: 

Proposition 14 77ie projection 

jV : J l J l E — ► J X E 

y ^ j 1 ^ 1 o ^)(7f}(y)) 

is differentiable. 

( Proof ) Let {x^ ,y A ,v A ,a A ,b A p ) be a natural local system in a neigbourhood of yo G J X J X E 
and y = (a#, y A , a A Q , b A pQ ). We have 7ij(y ) = (x^ ,y A ,v A ). Let -» J 1 ^ be a 

representative of yo; locally ^ = (x M , f A (x u ), g A {x v )) with 

M f ^ _ A A/ ^ _ A . df A ( x o) _ A d 9»( x o) _ h A 

J l x o)-yo > 3 M ^oJ-^o ' ~ a Po ' q x p - Vo 

then <p = n 1 oil) = { x ^i f A { xV ))i an d 

Hence j 1 7r 1 (y ) = (xq , y A , a A ) and the result follows. ■ 
Remark: 



Observe that j 1 ^ 1 and 7r{ exchange the coordinates v A and a A . 



Corolary 1 If ip: M — > J 1 ^ is a section of ir 1 , then j 1 ^ 1 o j 1 ^ = j (7r o ^>). 

( Proof) In a local coordinate system (x^ , y A , v A , a A , b pp ) , we have V> = ( xtl , f A (x u ),g A (x l/ )) 
andjV= ^,/ A (x^), 5p A (x^),^^),|^(^)^ ,butiVojV= (^^(x^^Oo) = 



Definition 16 ^4 i-jei /ieZrf 3^: J l E — > J 1 J^E is said to be a Second Order Partial Differential 
Equation (SOPDE), or also that verifies the SOPDE condition, iff it is a section of the projection 
j 1 ^ 1 or, what is equivalent, 

iV o y = id J1E 
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This kind of jet fields can be characterized in the following way: 



Proposition 15 Let y-.JE — > J J E be an integrable 1 -jet field. The necessary and sufficient 
condition for y to be a SOPDE is that its integral sections are canonical prolongations of sections 
4>:M^E. 



( Proof ) (=>) If y is a SOPDE then j 1 ^ 1 o y = Uji E . Let tp: M ^ J X E be an integral 
section of y; that is, y o if) = j l ifj, then 

if> = j 1 ^ 1 o y o if> = j 1 ^ 1 o j l if> = j l (-K l oif>) = j 1 ^ 

and if> is a canonical prolongation. 

Now, let y be an integrable jet field whose integral sections are canonical prolon- 
gations. Take y ^ J X E and <f>:M — > E 1 a section such that j 1 ^: M — > J 1 ^ is an integral section of 
y with j l <f){iT l (y)) = y. We have 

(jV o = (jV o y)(jV(^(j/))) = (A 1 y = (A 1 o y o vXvf 1 ^)) 

= (jV o = i V V0(^(y)) = j l ^\y)) = y 

and y is a SOPDE. ■ 
Remark: 



• In coordinates, the condition j 1 ^ 1 o y = ldji E is expressed as follows: the jet field 3^ = 
(xP, y A , v A , F A , G A p ) is a SOPDE if, and only if, F A = v A 



If y = (x^,y A , v A v A G A ) is a SOPDE and j 1 ^ = ( x p , / A , J is an integral section of 



J 7 , then the differential equations for <f> are 



dx» 



dx~< / dxPdx u 



which justifies the nomenclature, y 



3.2.3 Action of jet fields on forms 

Let y: J l E -» J X J X E be a 1-jet field. A map S>: X(M) -» Af ( J 1 ^) can be defined in the following 
way: Let Z G Af(M), y(Z) G ^(J 1 ^) is the vector field defined as 

y(Z)(y) := (T^ m iP)(Z^ (g) ) 

for every y G J 1 -© and ^ G y(y). This map is an element of Q l (M) ®m X{J l E) and its local 
expression is 

d \ ... ( d A d A d \ 



y f»-— = p __ + F A -—r + G y 



(We can recover the connection form using this map, as follows: V = y o 7fJ). 
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This map induces an action of y on the forms on J X E. In fact, let £ G f2 n+m+1 ( J l E), with 
m > 0, we define i(y)£: X(M)x ^ xX(M) — ► Q m (J 1 E) given by 

((i(y)O(Zi, Z n+1 ))(y; X 1 ,...,X m ):= £(y; y(Z{), y(Z n+1 ), X u ...,X m ) 

for Z\, . . . , Z n+ i G X(M) and X u . . . ,X m G ^(J 1 ^). It is a C oc (M)-linear and alternate map on 
the vector fields Z\, . . . , Z n+ \. 

Definition 17 Let y-. J l E -» J 1 ,/ 1 ^ 6e a 1- jet field and £ G ^(J 1 ^). TTie C°° (J 1 E) -linear map 
i(y)C just defined, extended by zero to forms of degree p < n + 1, is called the inner contraction of 
the jet field y and the differential form £. 

An important result related with the action of integrable jet fields is: 

Theorem 2 Let y be an integrable jet field and £ G f2 n+2 (J 1 E). The necessary and sufficient 
condition for the integral sections ofy, tp: M — > J X E, to verify the relation tp* i(X)£ = 0, for every 
X G X^E), is i{y)£ = 0. 

( Proof ) (<=) If i(y)£ = then ((i(y)O(^i, ■ ■ ■ , Z n+1 ))(y; X) = 0, for every Z, G X(M), 
y G J l E and X G X(J 1 E). Let tp: M — > J l E be an integral section of y with ip(x) = y, then 

= ((i(y)O(Zi, ■ ■ ■ , Z n+1 ))(^); A) = ZMx); T x ^(Zi), . . . , T^(Z n+1 ), A) 
= (i(A)£)(^(x); T^(Zi), • • • , T x ^(Z n+ i)) = (V* Z l5 . . . , Z n+1 ) 

for every A G X(J l E), x G M, Zi G Af(M). And then the result follows. 

(=>) If ^* = 0, for every A G ^(J 1 ^), then, let Zi, . . . , Z n+1 G #(M), y G J 1 ^ 

and tp: M ^ E an integral section of y with ^(x) = y. We have 

((i(y)O(^i. • • • . Z n+1 ))(4>(x); X) = (i(X)Omx); T^(^), . . . , T^(Z n+1 )) 

= (ri(X)O(x;Z 1 ,...,Z n+1 ) = 

for every A G ^(J 1 ^), x G M, Z t G Af(M). Hence i(y)£ = 0. ■ 
From the definition, one may readily prove the following properties for this map: 

Proposition 16 1. i(y)fa + &) = iQ>)(£i) + 

2. i(y)(/0 = WHO, V e«ery / G C°°(J 1 ^). 

3. i(y)(0 G ^ n+1 (M) <g> M Q m {J 1 E). 

The above definition rules also for jet fields in J X E and differential forms £ G f2 p (E), in an 
analogous way. So, every 1-jet field * defines a map *: #(M) — ► <-f as follows: if y G -E 
then, to every Z G X(M), ^ associates the vector field *(Z) G defined as *(Z)(y) := 

(T w i(j,)^)(^ ff i( w )) G Then, if £ G ^ n+m+1 (£) (m > 0), we define #(M)x 

x-Y(M) — ► Q m {E) given by 

((i(*)0(^i, ■ • • , Z n+1 ))(y; X u ...,X m ):= £(y; *(Zi), . . . , *(Z n+1 ), A l5 . . . , A m ) 

for Zi, . . . , Z n+ i G A'(M) and Ai, . . . , A m G X{E). 
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3.2.4 Lagrangian and Energy functions. Euler-Lagrange equations 

Now we are ready to establish the lagrangian formulation of field theories using 1-jet fields in 
J l J l E. 

First of all, you can check (using the corresponding local expressions) that the lagrangian and 
energy functions can be characterized using jet fields as follows: 

Proposition 17 Let ((E 1 , M; 7r), C) be a lagrangian system and to the volume form in M. Set 
Z±, . . . , Z n+ i € X(M) such that uj(Zi, . . . , Z n+ \) = 1. 

1. IfV is a connection form in J l E, the lagrangian energy function can be equivalently obtained 
as: 

(a) For any 1-jet field ^ in J l E 

Ej = -@ c (j 1 (V(Z 1 ),...J 1 (y(Z n+1 )) 

(b) For any 1-jet vector y in J l J l E, 

Ej = (i(y)sJ)(z 1 ,...,z n+1 ) 

2. For any 1-jet field y in J X J X E, the lagrangian function can be recover as 

£ = (i(y)c)(z u ...,z n+1 ) 

On the other hand, it is known that the critical section of the associated variational problem 
satisfies the following conditions: 

1. They are sections <p:M^E. 

2- (j'V)* iifZ^c = 0, for every Z G X^E). 

then, taking into account the statements and comments in the above sections, it is evident that: 

Proposition 18 Let ((E , M ; it) , C) be a lagrangian system. The critical section of the variational 
problem posed by C are the integral sections of a jet field y , if and only if, y satisfies the following 
conditions: 

1. y is integrable; that is, TZ(y) = 0. 

2. y is a SOPDE; that is, o y = Idji B . 

3. i(y)n c = o. 

This is the version of the Euler-Lagrange equations in terms of jet fields. 



A. Echeverri'a et al, Geometry of Lagrangian First-order Classical Field Theories. 



33 



4 Lagrangian symmetries and Noether's theorem 
4.1 Symmetries. Noether's theorem 

We are going to consider the question of symmetries in the lagrangian formalism of field theories. 
The most common and meaningful way to treat this subject is by using the theory of actions of 
Lie groups and algebras. However, in this chapter, we will give a brief and simple introduction to 
this question and we reserve the study of symmetries as actions of Lie groups for further research. 

4.1.1 Symmetries of lagrangian systems 

In Mechanics, a symmetry of a lagrangian dynamical system is a diffeomorphism in the phase 
space of the system (the tangent bundle) which leaves the lagrangian function invariant. Thus, it 
is usual to speak about natural or physical symmetries, that is, those which are canonical liftings 
of diffeomorphisms in the basis of the tangent bundle: the configuration space of the system (or 
also vertical diffeomorphisms). These preserve the canonical structures of the tangent bundle and, 
also, as a consequence, the dynamical geometric structures induced by the lagrangian. 

Nevertheless, diffeomorphisms in the tangent bundle which leave the lagrangian invariant, but 
which are not canonical liftings of diffeomorphisms in the basis, do not preserve either the natural 
or the dynamical structures of the tangent bundle. Thus, in the lagrangian formalism, these kinds 
of symmetries are usually considered as pathological or undesired from the physical point of view 
and in general they are not considered (although the situation is not the same in the hamiltonian 
formalism, where symmetries which are not canonical liftings play a relevant role in some theories). 

Taking these comments as our standpoint, and in order to establish a more general concept of 
symmetry for field theories, we define: 

Definition 18 Let ((E, M; w), C) be a lagrangian system. 

1. A natural symmetry of the lagrangian system is a diffeomorphism <&:E^E such that its 
canonical prolongation j 1 ^: J l E —>■ J l E leaves C invariant. 

2. A (general) symmetry of the lagrangian system is a diffeomorphism T: J X E — > J X E such that 

(a) T leaves the canonical geometric structures of J l E (6, M. c , S, V) invariant. 

(b) T leaves C invariant. 



It is evident that every natural symmetry is also a (general) symmetry, but the converse is not 
true. At present, we are interested only in natural symmetries, although all the comments and 
results we obtain for them also hold for (general) symmetries. 

Remarks: 

• Since C is a (n + l)-form on J X E, j 1 ^ acts on it by pull-back. Then, for £ to be invariant by 
j x $ means that {j l Q)*C = C. Hence, one way to obtain the explicit expression of (j 1 ^)*^ 
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£ 



consists in considering the diagram 

{X{J l E)) n+1 ► {X{J l E)) n+l 

((J^)*)" +1 

U<l>r£. \ 

C^i^E) ► C°°(J l E) 

where £ is understood as an element of f2 n+1 (J 1 E), we have 

(/<&)*£ = o£o(( J 1 cD),)«+ 1 
that is, if Xi G X(J l E) and y € J X E, 

((j^yCM X u . . .,X n+1 ) = £(j l $(y); (j l ^X 1: (j^yx n+1 ) 

• Another way to obtain explicit expression of (j 1 <&)*£ consists in considering £ as an element 
of r(J 1 J E,7f 1 *A n+1 T*M, ), then we have the diagram 

7f r A n+1 T*M ► 7f 1 *A n+1 T*M 



J 1 ^ ► J 1 ^ 



and then we obtain that 

U^yc = (j 1 *, a^ 1 ^- 1 )- 1 o £ o j 1 ® = (j 1 ®' 1 , A n+1 $* M ) o £ o 

that is, the same expression as above, taking into account that £ is a (n + l)-form on M with 
coefficients in C^^E). 

• Finally, for the last interpretation we consider the diagram 

{X{E)) n+1 ► (X(E)) n+l 

(<M? +1 

U^yc { { £ 

C^i^E) ► C^i^E) 

and therefore 

(/$)*£ = (i 1 f)o£o(cD M )™+i 
As predicted, we have the following relevant property: 
Proposition 19 If E — > E is a natural symmetry of the lagrangian system ((E, M; it), £) then 

1. (j 1 $y#c = #c. 

2. (j^y@ c = B c . 

( Proof ) Since j 1 ^: J l E — ► J l E is a natural prolongation, it verifies that 

(i 1 <&)*# = , (j 1 $ys = s , (j 1 $y@c = ec 

and, since the pull-back commutes with the contractions and (j 1 <£)*d£ = d£, the desired results 
follow immediately. ■ 
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4.1.2 Infinitesimal symmetries 

A symmetry of a lagrangian system can be thought of being generated by a vector fied. This is the 
standpoint for the following definition: 

Definition 19 Let ((E , M ; tt) , C) be a lagrangian system. 

1. An infinitesimal natural symmetry of the lagrangian system is a vector field Z £ X{E) such 
that its canonical prolongation leaves C invariant: 

L(j 1 Z)£ = 

2. An infinitesimal (general) symmetry of the lagrangian system is a vector field X £ Xi^^E) 
such that: 

(a) The canonical geometric structures of J^E (9, A4 C , S,V) are invariant under the action 
ofX. 

(b) X leaves C invariant. 

In these cases C is said to be invariant by j l Z or X respectively. 

As in the above paragraph we will limit ourselves to natural symmetries. 
Remarks: 

• \j{j l Z)C is calculated in the usual way, once C is understood as a (n + l)-form on J l E; that 



is 



L(j 1 Z)C = i(j 1 Z)dC + di(j 1 Z)C 



The statement that Z € X{E) is an infinitesimal symmetry is equivalent to stating that the 
local one-parameter groups of Z are symmetries of the lagrangian system (in the sense of 



definition |18| ) 



• This kind of symmetries, as well as those in the above paragraph, are said to be dynamical 
symmetries (in order to distinguish them from other kinds of symmetries), because they are 
canonical prolongations of diffeomorphisms or vector fields on E, which is the configuration 
space of the physical fields. 

In order to obtain the local coordinate expression, suppose that 
Z = a^ + ^ 9 



dx^ dy A 
d nA d ( d (3 A daP A d P A b\ 9 



J'Z = o^ + ^-f ^L--^-4 + ^ v 



dx^ dy A I dx^ dx^ p dy B M J dv A 

and, taking C = £uj, we have d£ = d£ A u, hence 

i(j 1 Z)dC = ({j 1 Z)£)uj-d£ A*0'^)w 

itfZ)L = £i(j 1 Z)u 
di{j l Z)C = d£ M{j 1 Z)u + £di(j 1 Z)u 
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therefore 



Uj 1 Z)C = {{j l Z)£)u + £di{j 1 Z)u = {{j 1 Z)£)u + £d(a»i(J^u^ 

= (U 1 Z)£). + £^^=((j 1 Z)£ + £^)- 
m \ n / 



therefore, if C is invariant by Z we obtain 

1 7,\£ 4- f. V 



5z£^(j 1 Z)£ + £Y,^ = 



I'- 

where 5z£ is usually called the total variation of £. 

In the particular case that Z is a vertical vector field, = and C is invariant by Z if, and 
only if, (j x Z)£ = 0. 

In relation to infinitesimal symmetries, we have the following relevant property: 

Proposition 20 If Z E X{E) is an infinitesimal natural symmetry of the lagrangian system 
{(E,M;tt),C) then: 

1. Ufzyvc = o. 

2. Ufzyec = o. 

( Proof ) It is a direct consequence of proposition ■ 
4.1.3 Noether's theorem 

Closely related to the problem of symmetries is the question of conserved quantities. The main 
result is: 

Theorem 3 (Noether): Let Z be an infinitesimal symmetry of the system ((E, M;ir), C). Then, 
the n-form J(Z) := i(j 1 Z)@c is constant on the critical sections of the variational problem posed 
byC. 

( Proof ) Let <f>: M — > E be a critical section of the variational problem, that is, 

O'V)* i(x)de c = o , yx e x^e) 

Since C is invariant under Z we have 

= L(j 1 Z)@ c = di{j 1 Z)@ c + i{j 1 Z)d@ c 

therefore 

= (jV)*[L(/Z)ed = ^ ( j ) )*[di(j 1 Z)e c } + U l mi(j 1 Z)d@c] 

= (j 1 mMj 1 z)e c ] = d[{j l ^yi{j l z)Q c ] 

and the resulst follows. ■ 
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Definition 20 Let ((E , M ; tt) , C) be a lagrangian system. If (f) is a critical section for the vari- 
ational problem posed by C, then the expression (j 1 cp)*J(Z) is called Noether's current associated 
with Z. 



In order to give an interpretation of this current, let N C M be a manifold with boundary dN, 
such that dimiV = dimM and (f) a critical section. Since d^j 1 ^)* i(j Z)@c] = 0, we obtain 

0= / d[(j 1 ^y i (j 1 z)Q c ]= [ d[(j l ^n(j 1 z)e c }= [ tffiUtfz^c 

JN JN JdN 



4.1.4 Noether's theorem for jet fields 



Next we are going to interpret the idea of conserved quantity in terms of jet fields. In analogy with 
time-dependent lagrangian mechanical systems and taking into account how a jet field y acts on the 
differential forms, it seems reasonable to find invariants which are differential n- forms £ G Q n {J l E) 
such that i(y)d( = 0. 

Then, in order to state Noether's theorem in this context, we must first recall the concepts 



of natural symmetry and infinitesimal natural symmetry given in definitions 15 and |19| and their 
properties. At this point, the following result is required: 

Lemma 1 Let y-.J l E — > J l J l E be an integrable jet field such that it is a SOPDE. If ( E 
f2 n+1 (J 1 E) belongs to the ideal generated by the contact module, (which is denoted by Z(A4 C )), 
then 

i(y)( = o 

( Proof) Consider y E J l E and let <j)\ M — > E be a section such that j 1 ^ is an integral section of 
y passing through y. In this case we have the map 

i{y)t:X{M)x n +} X(M) — ► C°°(J 1 J B) 

such that 

(i(y)O(y; z x ,..., z n+l ) = am • • • , = ((jVrcX^y); z u ..., z n+1 ) = o 

because £ belongs to the ideal generated by the contact module and then (j 1 4>)*C = 0. ■ 
Now we are ready to prove that: 



Theorem 4 (Noether): Let ((E, M; it), £) be a lagrangian system and y: J^E — > J 1 J 1 £' a jet field 
verifying the Euler- Lagrange equations for the lagrangian density C. Let X E X(J l E) be a vector 
field satisfying the following conditions: 

1. X preserves the contact module: h(X)M c C M c . 

2. There exist £ E f2 n (J 1 E), and a E 1{M C ) C Q n+1 { ^E), such that h{X)C = d£ + a. 



Then the following relation holds 

i(y)d(t - i(x)Gc) = o 
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( Proof ) On the one hand we have 

L(x)e c = i(x)de c + di(x)e c 

however 

L(X)@ C = HX)($c + £):=P + d£ + a 
where (3 G 1(M C ) because $c G T(M. C ). Therefrom 

d^-i(x)e c ) = i(x)de c + C 

with C G T{M C ). Hence 

i(y)d(^ - i(x)@ c ) = o 

since i(X)d©£ = 0, for every X G X{J l E), because y is a solution of the Euler-Lagrange 
equations, and i(y)C = as a consequence of the last lemma. ■ 



5 Examples 

5.1 Electromagnetic field (with fixed background) 

In this case M is space-time endowed with a semi-riemannian metric g, E = T*M is a vector 
bundle over M and 7Tm ; T*M — > M denotes the natural projection. Sections of ttm are the so- 
called electromagnetic potentials. Using the linear connection associated with the metric g, one can 
be sure that J^E — ► T*M is a vector bundle. It then coincides with its associated vector bundle, 
and, since YE = ir* M T*M, we have J X E = tt* m T*M ® E ir* M T*M. 

Coordinates in J l E are usually denoted A v , v^ v ) []. The coordinates A\,Ai,As constitute 
the vector potential and A4 is the scalar potential, if M = R 4 and the metric is + + +— . 

Let fr.M -> T*M be a section of vr. Then f-fr.M -> vr*T*M x vr*T*M is just = T</>. 

Locally <b = 6 v dx v , therefore j 1 ^ = —^-dx^ (g) dx v . Then, one may observe that j 1 ^ is a metric 

ox^ 

tensor on M. 

The lagrangian density is the following: consider y G J E and let eft: M ^ T* M be a represen- 
tative of y; that is, y = T^^cp, then 

c = ±\m 2 dv g 

where d<p is the exterior differential of 0, || || is the norm induced by the metric g on the 2- forms 
on M and dV g is the volume element associated with the metric g. Observe that d<fi is the skew- 
symmetric part of the matrix giving T0 or, in other words, the skew-symmetric part of the metric 
Tcj) on M. It is usual to write <f> in the form A = A^dx^ 1 and dA = A fl)ll dx u A dx^, as we stated 
above. 

The symmetries of the problem arise from the isometries of g and from the fact that the 
symmetric part of Tcfr has not been taken into account in order to construct the lagrangian density. 

Finally, if / G C°°(M), then / acts on T*M in the following way: 

/ : T*M — ► T*M 

(x,a) 1— > (x,a + df(x)) 
4 Sometimes, the notation A Vtfl is used instead of v^u. 
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/ being a diffeomorphism which induces the identity on M. Moreover, if y € J E, the equality 
C{j l f(y)) = C(y) holds trivially. This is the so-called gauge invariance of the electromagnetic field. 



5.2 Bosonic string 



Let M be a two-dimensional manifold and B a, d+ 1-dimensional manifold endowed with a given 
metric g, with signature (+,...,+,—), that is, a Lorentz metric. A bosonic string in B is a map 
4>:M — ► B. 

Furthermore, in order to construct the lagrangian function we need a metrics on M, we take 
the bundle 

E = M x B x S\ A (M) 

where S^'^M) is the bundle over M whose sections are the 2-covariant tensors with signature 
(+, — ). In this case we have: 

J l E = J l {M xB)x J^S^M)) 
and we have obtained the so-called Polyakov approach where the metrics on M is dynamics. 

In this approach, a field ip is a couple ((j),h), where 4>: M — > B is a differentiable map (the 
string) and h is a Lorentz metric in M. If y G J l E and ip = ((f), h) is a representative of y; that is, 
(j 1 V')(vr 1 (y)) = y, the lagrangian density at the point y is given by 

C(y) = -\i{h*WgdV h 

where h* is the dual metric of h, i(h*)(f)*g denotes the total contraction of the 2-covariant tensor 
4>*g with the 2-contravariant tensor h* and dVh is the volume element associated with the metric 
h. 

Denoting by the coordinates on M, by y A the ones in B and by h ap the coordinates in the 
fiber of S2 >1 (M), then the coordinates in J X E are (x^,y A , h ap , v A ,w apiJ ,), /j, = 1, 2, A = 1, . . . , d, 0. 

In such a local system, if (f> = <f> A , g = gAB&y A <8> dy B /i = h ap dx a <8> dx p and /i* = h ap ——^ (g) — — , 
the linear expression of £ is 

1 



£ = --/ l CT ^B«Vl det/l l d x 

In the Nambu approach we use the metric induced on M by the string itself; that is, h = 4>*g, 
where g is the metric over B. In this case, E = M x B and the rest are as in the Polyakov approach 
with the appropriate changes in the coordinates. 

In this last case, a field is a map 4>:M^B. Then, if y G J l E and is a representative of it, 
the lagrangian density is 

C(y) = -dV^g 

A local system of canonical coordinates is now (x^,y A ,v A ) and if we write (f> = 4> A and g = 
gAB<iy A <8> dy B , we have 

1 



C =2 



, , d(f> A d(f> B 
det g A B 



dx 1 dx 2 



dx 1 dx 2 

thus it is easy to see that this expression is the infinitesimal "area" of the parallelogram generated 
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5.3 WZWN model 

Consider M = S 2 endowed with a riemannian metric h. Let G be a Lie group, then take E = M xG 
as the manifold of configuration. If g is the Lie algebra of G, let f2 G f2 1 (G) ® g be the Maurer- 
Cartan form of G and denote K the Killing metrics on g. A section of E is given by a map 
g:M—>G and defines the function (h* ® K)(g*tt,g*n) G C°°(M), h* being the dual metrics of 
h. This function is used in order to define another one in the 1-jet bundle J l E = J l (M x G) in 
a natural way as follows: if y G J l E, with Tt l (y) = x, and g: M — > G is a representative of it, we 
have that the map 

does not depend on the chosen representative and hence we can define a function 

The first approach to the WZWN theory takes SU(2) as the Lie group, that is 
SU(2) = SL(2, C) n U(2) = {A G GL(2, C) | AA* = I, det A = 1} 
(Observe that SU(2) is diffeomorphic to S* 3 ). In this case the fields are maps g:S 2 — > SU(2). 

The second approach consists in considering that the metrics h on S 2 is dynamical too. In that 
case the configuration bundle is E' = (S 2 xG)x ^^(S* 2 ), where S2 (S 2 ) is the bundle over S 2 whose 
sections are the riemannian metrics on5 2 . A section of E' is given by a pair (g, h), where g: S 2 — > G 
is a map and h is a riemannian metrics on S 2 . The 1-jet bundle is J l E' = J l (S 2 xG)x J 1 (S2(S 2 )). 

Like in the first case we have a function defined in a natural way in J l E'. In fact, let y G J X E' 
and let (g, h) be a representative of y. The map 

is independent of the representative. We use this function in order to construct the lagrangian 
density of this model which is 

m -.= y^ (h* m ® K)( g ; im n, g ; lm n)dv h 

(This corresponds only to the so-called non topological or dynamical term of the lagrangian of the 
WZWN model). 

The systems of natural coordinates are (x^, g A , h pr7 , v£, h pr7ll ), where are coordinates in S 2 
(fi = 1, 2), g are coordinates in G and h pa makes up a local basis of sections of S2(S 2 ). 

A comment about SU(2): 

• SU(2) is the universwal covering of SO(3), the group of rotations in the euclidean space of 
dimension 3. Thus, SU(2) is simply connected. An element of this group is a matrix A as 
the following 

A =("p IHI 2 + ll/3|l 2 = i a,/3ec 

Therefrom, it is obvious that SU(2) is diffeomorphic to S 3 C R 4 . 
The Lie algebra su(2) of SU(2) is generated by 

Sl = K-^ o*) ; E2 = \{i 0) ; E3 = l{o i) 

Observe that Ej = —\%Oj, Oj being the Pauli matrices. If these matrices <jj are used as a 
basis of SU(2) then the coefficients are imaginary numbers. 
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6 Conclusions and outlook 



In this work we have formulated a purely geometric theory of the lagrangian formalism of first-order 
classical field theories. The main goals we have achieved are the following: 

1. We give an intrinsic definition of all the geometric elements associated with 1-jet bundles: the 
vertical diferential, the canonical form, the contact module and the vertical endomorphisms. 



Some of them, namely the structure canonical form, have been defined previously [14]; but in 
other cases, such as the vertical endomorphisms, the construction presented here is original. 
In addition, we have given a detailed description of the canonical prolongations of sections, 
difeomorphisms and vector fields, as well as the properties of invariance of all the above 
defined geometric elements by these prolongations. 

2. Using some of the previously introduced geometric elements, we have constructed the la- 
grangian forms in an intrinsic way, with no use of connections Jl4| . Neither is the Legendre 
transformation used to obtain lagrangian forms from the dual (hamiltonian) formalism of the 
theory, as is the case in other works Q, @. 

3. Nevertheless, this is not the case when we define the density of lagrangian energy and the 
lagrangian energy function in an intrinsic way since, as we have specified, such a construction 
necessarily requires the use of a connection. We also need this connection when we wish to 
dualize the theory; that is, in order to obtain the hamiltonian formalism, as will be seen in a 



forthcoming work [12]. 



4. After analyzing the variational problem obtaining the critical sections, another outstanding 
point is that we achieve a unified presentation of the field equations in field theories and 
the dynamical equations for non-autonomous mechanical systems, by means of the 1-jet 
held formulation. The problem of the integrability of the evolution equations and the fact 
that these equations are second-order partial differential equations is clearly interpreted in a 
geometrical way using this formalism. 

5. Furthermore, we have carried out an introduction to the study of lagrangian symmetries, 
classifying them in several ways and stating and proving a geometrical version of Noether's 
theorem based on the 1-jet field formalism. 

6. As a final remark, we have briefly dealt with some classical examples, making the geometrical 
structure of each one of them evident. 

Among the problems we will study in forthcoming papers, in which we hope to provide an 
original treatment, we draw attention to the following: 

• How to construct the hamiltonian formalism of first-order classical field theories. 

• An investigation of non-regular classical field theories. 

• To make a detailed analysis of symmetries in field theories. 



A Connections and jet fields in a first-order jet bundle 



In this appendix, we summarize some elements of the theory of jet fields and connections in fiber 
bundles (see [31] for details). 
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A.l Basic definition and properties 

In order to set the main definition of this appendix, first we prove the following statement: 

Proposition 21 Let n: E — > M be a fiber bundle and n 1 : J l E — » E the corresponding first-order 
jet bundle. The following elements can be canonically constructed one from the other: 

1. A ir-semibasic 1-form V on E with values in TE (that is, an element of T(E, ir*T*M) (g> 
T(E,TE)), such that V*a = a, for every it 1 -semibasic form a G Q l (E). 

2. A subbundle H(E') of TE such that 

TE = V(vr) © H(£7) (6) 

3. A (global) section of tt 1 : J x E — > E; that is, a mapping E — > J l E such that tt 1 o \p = Ids- 

( Proof) (1 => 2) First of all, observe that V: X(E) — > ^(E 1 ) is a C°°(E)-map which vanishes 
when it acts on the vertical vector fields. Its transposed map is V*: Q l {E) — > f2 1 (E), which is 
defined as usually by V*/3 := j3 o V, for every /3 € Q l {E). Moreover, since V is 7r-semibasic, so is 
V*/3, then V*(V*/3) = V*/? and hence V o V = V. Therefore, V and V* are projection operators 
in X(E) and Q l (E) respectively. So we have the splittings 

X{E) = ImV © KerV ; Q l {E) = ImV* © KerV* 

with the natural identifications 

(ImV)' = KerV* ; (KerV)' = ImV* (7) 

(where, if S is a submodule of X(E), the incident or annihilator of S is defined as S' := {a G 
Q (E) | a(X) = , VX G 5}). Taking this into account, for every y G E, V y : T y E — > T^E induces 
the splittings 

T yJ E = ImV y © KerVy ; T;£ = ImV* © KerV^ (8) 

Next we must prove that V 3/ (7r) = KerV y . But V 3/ (7r) C KerV y and ImV* is the set of 7r-semibasic 
forms at y G E, then we have V J/ (7r) = KerVy and, hence, 

KerV = r(S, V(tt)) ee ;r v M(£) ; ImV* = r(£,vr*T*M) 

So we define 

R(E) := |J {V„(«) | u G T,£} 

As a consequence of this, the first of the splittings (§) leads to 

TE = H(£) © V(vr) (9) 
and it allows us to introduce the projections 

h:TE — >H(E) ; v.TE — ► V(vr) 

whose transposed maps 

/i*:H*(V) — >T*£ ; v*:V*(tt) — > T*E 
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are injections which lead to the spliting 

T*E = R*(E) © V*(vr) (10) 

and, taking into account the second equality of (|8|) and (0), in a natural way we have the identifi- 
cations R(E)' with V*(vr) and V(vr)' with R*(E). 

(2 =>■ 1) Given the subbundle H(E) and the splitting TE = V(vr) ®H(E), let h: TE -► TE 
and v: TE — > TE be the projections over 11(E) and V(7r) respectively, which induce the splitting 
X = + v(X), for every X G X(E). Then we can define the map 

V : X(E) — ► X(E) 
X h(X) 

which is a C°°(-E')-morphism and satisfies trivially the following properties: 

1. V vanishes on the vertical vector fields and therefore V G T(E,ir*T*M) © X(E). 

2. V o V = V, since V is a projection. 

3. if a € T(E,tt*T*M) and X G X(E) we have 

(V*a)X = a(V(X)) = a(/i(X)) = oc(h(X) + = a{X) 

because a is semibasic. Therefore V*a = a. 

(2 =>■ 3) Suppose that TE splits into TE 1 = H(.E) © V(7r). Then there is a natural way 
of constructing a section of 7T 1 : J 1 ^ — ► £7. In fact, consider y G J5 with 7r(y) = x, we have 
TyS = Hy(i?) © Vj / (7r) and T^h (e) 1S an isomorphism between H y (E) and T^M. Let <p y : U — > E 
be a local section defined in a neigbourhood of x, such that 

(j)y(x) = y , T x <t>y = [Ty-K^E))" 1 

then we have a section 

^ : E — ► J 1 ^ 

y ^ (iVs/)(7r(y)) 

which is differentiable because the splitting T y E = H y (E) © Vj / (7r) depends differentiabily on y. 

(3 2) Let ^:E^ J X E be a section and y G J 1 ^ with y^y^x. Observe that G J 1 -^ 
is an equivalence class of sections <p: M — > E with </>(x) = y, but the subspace ImT^^ does not 
depend on the representative provided it is in this class. Then, for every y G J^E and ^ a 
representative of y = ^(y), we define 

Hy(E) := lmT x (j) and H(E) := |J H y (.E) 

yes 



Definition 21 ^4 connection in the bundle tt: E — > M is one o/ £/ie above mentioned equivalent 
elements. 

Then a (global) section ^>:E^> J X E is said to be a 1-jet field in the bundle tt : J X E — > E. The 
ir-semibasic form V is called the connection form or Ehresmann connection. The subbundle H(E) 
is called the horizontal subbundle of TE associated with the connection. The set of sections of 
H(E) will be denoted by T>(^>) and its elements are the horizontal vector fields. 
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Let (x fl ,y A ) be a local system of coordinates in an open set U C E. The most general local 
expression of a semibasic 1-form on E with values in TE would be 



V = fu,^®[g v — + h 



dx u dy / 

As V* is the identity on semibasic forms, it follows that V*drr^ = dx^, so the local expression of 
the connection form V is 



dx^ ' ^ dy A , 

where r A € C°°(U). In this system the 1-jet field ^ is expressed as 

^> = {x^y A ,r A {x^y A )) 

Let cf)be a representative of ^(y) with <j> = (x^ } f A (x fi )). Therefrom 4>(x) = y, T x (j) = ^f(y) and 
we have 



A 



a 



( df A \ , therefore — — = r^ix^", y A ) . Now, taking r 
[d^Jx/ dxU x dx>1 

of T X M, we obtain 

a 



as a basis 

X 



lmT x (j) = <j (Ta- 

hence, rl(E) is locally spaned by 



dx^ J ) 1 dx^ 



f a A a \ 
\dx» + " [y) dy A j 



As final remarks, notice that the splitting @ induces a further one 

X(E) =ImV©r( J E,V(vr)) 
so every vector field A E X(E) splits into its horizontal and vertical components: 

A = A H + A v = V(A) + (A - V(X)) 
Locally, this splitting is given by 

•9 9 , a 

- hi,, tt-t and 7-— 

that, if A is an horizontal vector field, then V(A) = A 

In an analogous way the splitting (pi]) induces the following one 



Q X ? » QyA ■> y dxf , I* QyAJ \* ■> HJ Qy 

d 

since — h r A — — r and — — r generate locally T(E, H(E)) and T(E,V(tt)), respectivelly. Observe 

oxV ^ oy A oy A 



Q 1 (E) = T{E, ir*T*M) © KerV* = T(E,ir*T*M) © (ImV)' 
then, for every a € Q 1 {E), we have 

a = a H + a B = V*a + (a - V*a) 

whose local expression is 

a = F^dx" + G A dy A = (F„ + G A r A )dx» + G A (dy A - r A dx») 
since dx M and dy A — r A dx^ generate locally r(E,H*(E)) and T(E,Y*(ir)), respectivelly. 
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A. 2 Other relevant features 

As an interesting remark, we analyze the structure of the set of connections in n: E — > M. Then, 
let Vi, V2 be two connection forms. The condition V*a = V 2 a = 0, for every semibasic 1-form a, 
means that (Vi - V 2 )*a = 0; that is Vi - V 2 G T(E,it*T*M) ® E T(E,V(ir)). 

However, let V be a connection on vr: E -> M and 7 G F(E, vr*T*M) ® E F(E, V(vr)), then V + 7 
is another connection form. So we have: 



Proposition 22 TTte set 0/ connection forms on tt:E — > M is an a^ne "space" over the module 
of semibasic differential 1-forms on E with values in V(7r). 

t; 1" r^——r I and 7 = 7.^ dx' 1 ® — — j then 

ax^ 1 F oy J oy 



V + 7 = dx"(8. t— + (C+7, 



Finally, another important concept related with connections is: 

Definition 22 The curvature of a connection V is defined as: 

TZ(Z U Z 2 ) := (Id - V)([V(Zi), V(Z 2 )]) = i([V(Zi), V(Z 2 )])(Id - V) 
for every Z\,Z 2 G A'(M). 

Using the coordinate expressions of the connection form V and the 1-jet field ^, a simple 
calculation leads to 

K=o ^-^+fe-fe (dx-Adx") - 



2 I <9x^ 9x^ M cV 4 v dy A y dy 



A. 3 Integrability of jet fields 
Definition 23 Ze£ -> J 1 ^ 6e a 1-jet field. 

1. A section <p:M—>E is said to be an integral section of ^ iff ^ o 4> = j 1 ^. 

2. $ is said to be an integrable jet field iff it admits integral sections. 

One may readily check that, if (x M , y A , v A ) is a natural local system in J X E and, in this system, 
^ = (x M, ,y A ,T / A (x'*,y A )) and </> = (x M , f A (x")), then is an integral section of \I> if, and only if, <f> 
is a solution of the following system of partial differential equations 



Of 



A 



= r^o<p (11) 

The integrable jet fields can be characterized as follows: 
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Proposition 23 The following assertions on a 1 -jet field are equivalent: 

1. The 1 -jet field is integrable. 

2. The curvature of the connection form V associated with ^> is nule. 

3. P(^) is an involutive distribution. 

( Proof ) (1 44> 2) Notice that if eft is an integral section of ^, then the distribution D(fy) is 
tangent to the image of ^ and conversely. 

(2 <^ 3) From the definition ( p2|) we obtain that, if TZ = 0, then 

V([V(Z!),V(Z 2 )]) = [V(Z 1 ),V(Z 2 )} 

hence, the horizontal distribution D(^f) is involutive. 

Conversely, if 2?(^) is involutive, as V is the identity on T>(^f), the last equation follows, so 
TZ = 0. ■ 

Remark: 

• According to this proposition, from the local expression of TZ we obtain the local integrability 
conditions of the equations 



11). 
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B Glossary of notation 



C°°(A) 
X{A) 
QP{A) 
A' 

Hom(A, B) 
i(X)a 
L(X)a 
D v a 

tt:E -> M 
T(A,B) ,r(pr) 
Tu(A,B) 
T C (A,B) 
QP(A,B 
vr 1 : J 1 ^ 
tt 1 : J X E 



-- QP{A) ® A T{B) 
E 
M 



JyE 
y G J X E 

(x»,y A ,v£) 

V(pr) 
X Y ^ r \B) 
<t>:M E 
ij):M -» J 1 ^ 



A4 C 

X(M C ) 
V,5 

iV, (/) 
v 

H(£) 

^:E -» J £ 

Z>(¥) 

ft 

£ 

L 

((£,M ;7 r),£) 



vr{: J X J X E^ J X E 
y G 3 X J X E 
y-.J l E -» JV 1 ^ 

fe£ 



Smooth functions in the manifold A 

Vector fields in the manifold A. 

Differential p-forms in the manifold A 

Incident set to A. 

Homomorphisms from AtoB. 

Contraction of the elements X and a. 

Lie derivative of the element a along the vector field X. 

Directional derivative of a along the direction of v. 

Differentiable fiber bundle over a (orientable) manifold M. 

Sections of the bundle pr: B — > A. 

Local sections (in an open set U C A). 

Compact supported sections . 

Differential p- forms in the manifold A with values in the bundle B. 
1-jet bundle. 

Fiber bundle induced by tt 1 = tt o tt 1 . 

Fiber of J X E at y G E. 

1-jet (element of J l E). 

Local coordinate system in J l E. 

Vertical subbundle with respect to the projection pr: A — > M. 
Vertical vector fields in B with respect to the projection pr: B — > A. 
Section of tt. 
Section of tt 1 . 

Vertical differential of 4> at y G E. 

Structure canonical form of J X E. 

Contact module or Cartan distribution. 

Element of a local basis of M. c . 

Ideal generated by the contact module. 

Vertical endomorphisms in J X E. 

Canonical prolongation of <fi (tp) to J^E (J 1 J l E). 

Canonical prolongation of a diffeomorphism <I>: E — > E to J l E. 

Canonical prolongation of a vector field Z G X(E) to J l E. 

Connection form (Ehresmann connection). 

Horizontal subbundle (induced by a connection). 

(Global) section of tt 1 . (1-jet field in J 1 ^). 

Set of sections of rl(E) (horizontal vector fields). 

Curvature of a connection. 

Lagrangian density. 

Lagrangian function. 

Lagrangian functional. 

Lagrangian canonical form. 

Poincare-Cartan (n + l)-form. 

Poincare-Cartan (n + 2)-form. 

Lagrangian system 

Density of lagrangian energy associated with C and V. 
Energy associated with C and V. 
Repeated 1-jet bundle. 
Element of 3 X J X E. 

(Global) section of tt\ (1-jet field in J X J X E). 

Total variation of £ (under the action of Z G X{E)). 

Noether's current associated with Z (for a critical section <f>). 
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